Abstract. There is a known analogy between growth questions for class groups and for Selmer groups. If p is a prime, then the p-torsion of the ideal class group grows unboundedly in Z{pZ-extensions of a fixed number field K, so one expects the same for the p-Selmer group of a nonzero abelian variety over K. This Selmer group analogue is known in special cases, and we prove it in general along with its extension to arbitrary isogenies over global fields (excluding some p " char K cases). The key tool is a version of the Cassels-Poitou-Tate sequence, which we extend to arbitrary global fields.
1. Introduction 1.1. Growth of class groups and of Selmer groups. It is a classical theorem of Gauss that the 2-torsion subgroup PicpO L qr2s of the ideal class group of a quadratic number field L can be arbitrarily large. Although unboundedness of # PicpO L qrps for an odd prime p is a seemingly inaccessible conjecture, [BCH`66, VII-12, Thm. 4] explains how to extend Gauss' methods to prove that # PicpO L qrps is unbounded if L{Q ranges over the Z{pZ-extensions instead.
As explained in [Čes14a] , growth questions for ideal class groups and for Selmer groups of abelian varieties are often analogous. It is therefore natural to hope that for a prime p and a nonzero abelian variety A over Q, the p-Selmer group Sel p A L can be arbitrarily large as L{Q ranges over the Z{pZ-extensions. Our main result confirms this expectation: Theorem 1.2 (Theorem 5.6). Let p be a prime, K a global field, and A an abelian variety over K. If Arps is not connected (e.g., if p ‰ char K and A ‰ 0), then # Sel p A L is unbounded as L ranges over the Z{pZ-extensions of K.
Remarks.
1.3. See Corollary 5.5 for a version of Theorem 1.2 for Selmer groups of arbitrary isogenies.
1.4. See Remark 5.8 for a discussion of further input that would prove Theorem 1.2 for all A ‰ 0.
1.5.
If K is a number field, then the analogue of Theorem 1.2 for Z{nZ-extensions with 1 ă n ă p seems to lie much deeper: by [Čes14a, 4.1 (b)], this analogue would imply the conjectured unboundedness of p-torsion of ideal class groups of Z{nZ-extensions of a finite extension of K.
If char K ą 0, then [Čes14a, 5.5] proves an analogue of this type with n " 2 and p ‰ char K.
If dim A " 1 and non-Galois L{K are allowed, then the Arps requirement can be disposed of: Theorem 1.6 (Theorem 5.9). If p is a prime, K is a global field, and A is an elliptic curve over K, then # Sel p A L is unbounded as L ranges over the separable extensions of K of degree p. Unboundedness of p-Selmer sizes has also been observed in a number of other settings-typical variants include allowing arbitrary L{K as long as rL : Ks is bounded and/or also varying A as long as dim A is constant. For such results, see [Cas64] , [Böl75] , [Kra83] In their respective special cases of Theorem 1.2, [CS10] and [Cre11] prove that the answer is 'yes'.
1.
9. An overview of the proof and of the paper. The proofs of Theorems 1.2 and 1.6 are given in §5 and are based on arithmetic duality, the key input being a general version of the Cassels-PoitouTate exact sequence. Although this sequence seems to be useful beyond its role in the proofs of Theorems 1.2 and 1.6, only its special cases appear in the literature. In §4, we include its proof, which treats all global fields on an equal footing and circumvents well-known difficulties in positive characteristic by exploiting topologies carried by cohomology groups of local fields. The crucial topological input is closedness and discreteness of the image of a certain global-to-local pullback map. The analysis of this map in §2 rests in part on the results of [Čes14b] and leads to several improvements to the literature on arithmetic duality in positive characteristic, notably to [GA09, §4] and to [Mil70a] . Relations to [GA09] are discussed in §2, and those to [Mil70a] in §3, which presents a general framework for Selmer groups. Among other things, this framework allows us to consider class groups as instances of Selmer groups. The proof of Theorem 1.2 therefore also reproves unbounded growth of p-torsion of ideal class groups, see Corollary 5.3 for this. For an overview of the auxiliary technical results isolated in Appendices A and B, see the introductions of the appendices.
1.10. Notation. The following notation is in place for the rest of the paper: K is a global field; if char K " 0, then S is the spectrum of the ring of integers of K; if char K ą 0, then S is the proper smooth curve over a finite field such that the function field of S is K; a place of K is denoted by v, the resulting completion by K v , and the ring of integers and the residue field of K v by O v and F v ; a place of a finite extension K 1 of K is denoted by v 1 ; as usual, µ n denotes KerpG m n Ý Ñ G m q and α p denotes the Frobenius kernel of the additive group G a over F p . Further notation is recorded in the beginning of the section at hand.
As mentioned in §1.9, topology carried by cohomology groups of local fields will play an important role in treating all K at once. This topology is always taken to be the one defined in [Čes14b, 3.1-3.2]. To avoid cluttering the proofs with repetitive citations, in §1.11 we gather the main topological properties that we will need. We will use these properties without explicit reference.
1.11. H n pK v , Gq for a commutative finite G. Fix a place v of K, a commutative finite K vgroup scheme G, and an n P Z ě0 . By [Čes14b, 3.4 (c) and 3.7], H n pK v , Gq is a locally compact Hausdorff abelian topological group that is discrete if n ‰ 1. By [Čes14b, 3.4 (b) ], if G is smooth (in particular, if char K " 0), then H 1 pK v , Gq is also discrete. By [Čes14b, 3.9] , if v ∤ 8 and G is a commutative finite flat O v -model of G, then the pullback map identifies H n pO v , Gq with a compact open subgroup of H n pK v , Gq (if n ě 2, then H n pO v , Gq " 0 by [Toë11, 3.4] Lemma 2.6. Let K 1 {K be a finite separable extension and U 1 the normalization of U in K 1 .
(a) If Imploc 1 pG U 1is discrete, then so is Imploc 1 pGqq.
The kernel of the restriction r : H 1 pF, Gq Ñ H 1 pF 1 , Gq is finite: use the separability to enlarge F 1 {F to a finite Galois extension, and then identify Ker r with H 1 pGalpF 1 {F q, GpF 1 qq, which is finite by inspection.
(a) Let W 1 be a compact neighborhood of 0 in
Gq lying in the preimage of W 1 . As in the proof of Lemma 2.5, Imploc 1 pG U 1X W 1 is finite and it suffices to prove the finiteness of Imploc 1 pGqq X W , which follows by using in addition the finiteness of Kerp
(a) If Imploc 1 pHqq and Imploc 1 pQqq are discrete and D 1 pQq is finite, then Imploc 1 pGqq is discrete.
(b) If D 1 pHq and D 1 pQq are finite, then so is D 1 pGq.
Proof.
(a) Let W Q be a compact neighborhood of 0 in À vRU H 1 pK v , Qq. By discreteness of Im`loc 1 pQqȃ nd Proposition 2.3, Im`loc 1 pQq˘X W Q is finite. Combine this with the Hausdorffness of
Hq is a compact neighborhood of 0. Proof. By continuity, W H is a closed neighborhood of 0, so only its compactness requires proof. Each
, and hence open onto its image. The image of W H is a closed, and hence compact, subspace of W G , so it is contained in the image of the union Z of a finite number of the W x . Since Z is compact, so is the union of its´À vRU QpK v q¯-translates. This union contains the closed subset W H , which is therefore compact.
As in the proof of Lemma 2.5, Proposition 2.3 and Claim 2.7.1 ensure the finiteness of Im`loc 1 pHq˘X W H and it suffices to prove the finiteness of Im`loc 1 pGq˘X W G . (b) Since rD 1 pGq : D 1 pGq X ImpH 1 pU, Hqqs ď #D 1 pQq, it suffices to prove that the preimage P of D 1 pGq in H 1 pU, Hq is finite. For this, use rP :
For use in the proof of Theorem 2.9, we recall the following well-known lemma.
Lemma 2.8. For a field F and a commutative finite F -group scheme G, there is a finite separable extension F 1 {F such that G F 1 is a successive extension of F 1 -group schemes that are isomorphic to Z{mZ with m P Z ą0 , or to µ m with m P Z ą0 , or to α p with p " char F (where α 0 :" 0).
Proof. The claim is clear for étale G, and hence, by passing to Cartier duals, also for G of multiplicative type. Thus, the connected-étale sequence allows us to assume that G is connected and has a connected Cartier dual. By [SGA 3 II , XVII, 4.2.1 ii) ô iv)], such a G is a successive extension of α p 's.
Theorem 2.9. The image Imploc 1 pGqq is discrete and the kernel D 1 pGq is finite.
Proof. Combine Lemmas 2.6 and 2.8 to reduce to the case when G K is a successive extension as in Lemma 2.8. Spread out and use Lemmas 2.5 and 2.7 to reduce further to the cases of G " Z{mZ, of G " µ m , and of G " α p . Use these formulas to extend G to a finite flat S-group scheme r G. 2.11. For the discreteness of Imploc 1 pGqq to hold, not a single v R U can be omitted from the direct sum in the target of loc 1 pGq. For instance, for a prime p, the image of
is dense rather than discrete. 
where the bottom row is the sum of Tate-Shatz local duality pairings.
Proof. We have proved this in the course of the proof of [Čes14c, 5.3].
Theorem 2.16. The pairing (2.14.1) induces a perfect pairing of finite groups
Proof. Lemma 2.15 proves that Kerploc n pGqq and Kerpx 3´n c pHqq are orthogonal under (2.14.1), so (2.16.1) exists and is nondegenerate on the left. Consequently, #D n pGq ď #D 3´n pHq, and, since D 0 pHq inherits finiteness from H 0 pU, Hq and D 1 pHq is finite by Theorem 2.9, D 2 pGq and D 3 pGq are finite, too. Swapping the roles of G and H, we learn that equalities must hold in the inequalities above, so (2.16.1) is also nondegenerate on the right. For ease of reference, we combine some of the results of §2 into the following theorem.
Theorem 2.18. For U and G as in §2.1 and every n P Z ě0 , the image Imploc n pGqq is closed and discrete in À vRU H n pK v , Gq and the kernel D n pGq is finite.
Proof. The image claim is proved in Propositions 2.3 and 2.4 and Theorem 2.9. The kernel claim is proved in Theorems 2.9 and 2.16.
Finiteness of Selmer groups
We exploit the results of §2 to prove finiteness of Selmer groups in Theorem 3.2. The key finiteness inputs to Theorem 3.2 are the finiteness of class groups and Dirichlet unit theorem, both through the proof of Theorem 2.9. In the case of the φ-Selmer group for an isogeny φ of abelian varieties over K, Theorem 3.2 seems to improve the literature by treating all K and φ simultaneously, instead of resorting to [Mil70a] that was tailored specifically for the char K | deg φ case. The approach of loc. cit. is close to ours: the key lemma of [Mil70a] is a variant of Theorem 2.9 for Z{pZ, µ p , and α p .
Throughout §3, we fix a commutative finite K-group scheme G. 3.6. If char K " 0 and in Example 3.5 one chooses G " Z{mZ for m P Z ě0 but alters the Selmer conditions to be 0 Ă H 1 pK v , Gq for v | 8, then, by the theory of the Hilbert class field, the resulting Selmer group is the Pontryagin dual of the m-torsion of the ideal class group of K.
Selmer groups. Selmer conditions
for G are compact subgroups SelpG Kv q Ă H 1 pK v , Gq, one for each place v of K, (3.1.1) such that there is a nonempty open U Ă S and a commutative finite flat U -model G of G for which SelpG Kv q Ă H 1 pO v , Gq inside H 1 pK v , Gq for every v P U (the choice of G plays no role: two G's identify over a smaller U
Cassels-Poitou-Tate
In §5, our proof of unbounded Selmer growth is based on manipulating a generalization of the Cassels-Poitou-Tate sequence. This generalization is presented in Theorem 4.2, which extends [CS00, 1.5] to finite group schemes over global fields (loc. cit. focused on the case of finite group schemes of odd order over number fields). In (4.5.1) we write out the sequence of Theorem 4.2 in the special case of Selmer groups of dual isogenies between abelian varieties over a global field. 
is exact. Since loc 1 pHq| SelpHq factors through À vRU SelpH Kv q, the top part of the diagram commutes. The map x is obtained from the map x 2 c pHq of (2.13.1) by using (2.14.1), so the middle column is exact by Lemma 2.15. In conclusion, x factors through a unique xpGq as indicated, KerpxpGqq " ImpypGqq, and ImpxpGqq " Im x " Kerploc 2 pGqq. Finiteness of SelpHq˚ensures the continuity of xpGq.
Remarks.
4.3.
To extend the sequence of Theorem 4.2 to the right, combine (2.13.1), §2.14, and Lemma 2.15.
4.4.
If G and H extend to Cartier dual finite flat S-group schemes r G and r H, then one may take
and SelpH Kv q "
With these choices, the sequence of Theorem 4.2 compares H 1 pS, r Gq and H 1 pU, Gq. 
constitute Selmer conditions for Arφs and B _ rφ _ s with Selmer groups Sel φ A and Sel φ _ B _ . By [Čes13, 2.5 (d)] and Proposition 2.2, these conditions for v P U cut out
By Proposition B.1, the remaining conditions at v R U put us in the framework Theorem 4.2. Taking into account Remark 4.3, the resulting exact sequence reads
(4.5.1)
The last map is surjective if H 3 pU, Arφsq " 0. By §2.14, this is so if H 0 c pU, B _ rφ _ sq " 0, in particular, if U ‰ S and either char K " 0 and 2 ∤ deg φ, or char K ą 0.
Growth of Selmer groups
Theorems 5.2, 5.6 and 5.9 along with Corollary 5.5 are the sought unbounded Selmer growth results. In §5, for a finite extension K 1 {K and an open U Ă S, the normalization of U in K 1 is denoted by U 1 .
Selmer conditions over varying base fields. Suppose that U Ă S is a nonempty open, G
and H are Cartier dual commutative finite flat U -group schemes, and S is a set of finite extensions of K such that K P S . Suppose also that for each K 1 P S one has compact subgroups
that are orthogonal complements as in (4.1.1) and such that the restriction maps
whenever v 1 R U 1 and v is the place below v 1 . Write SelpG U 1 q and SelpH U 1 q (resp., SelpGq and SelpHq if K 1 " K) for the finite Selmer groups that result by completing (5.1.1) to Selmer conditions as in (4.1.3). Due to (5.1.2), for each K 1 P S restriction maps induce SelpGq Ñ SelpG U 1 q and SelpHq Ñ SelpH U 1 q. As in §4.1, shrinking U affects neither the above setup, nor the Selmer groups.
Theorem 5.2. In the setup of §5.1, if G K is étale, p is a prime dividing #G K , and S consists of the Z{pZ-subextensions of K{K, then # SelpG U 1 q is unbounded as K 1 ranges in S .
Proof. Let V Ă U be a nonempty open. Initial segments of the exact sequences of Theorem 4.2 for G V and G V 1 fit into the commutative diagram
Claim 5.2.1. As V and K 1 vary, # Ker b is bounded.
Proof. By the injectivity aspect of Proposition 2.2, H 1 pV, Gq Ă H 1 pK, Gq and H 1 pV 1 , Gq Ă H 1 pK 1 , Gq, so Ker b Ă H 1 pGalpK 1 {Kq, GpK 1 qq, whose cardinality is bounded in terms of p and #G.
Claim 5.2.2. As V and K 1 vary, # Ker c is unbounded.
Proof. Fix an m P Z ą0 . Since G is finite étale over a nonempty open of U , Čebotarev density theorem gives a set Σ of m closed points v P U for which µ p pK v q " µ p pK v q and G Ov is constant.
Fix a v P Σ, and let Z{p r Z Ov be a direct summand of G Ov . Since H 1 pK v , Z{p r Zq is the group of homomorphisms h : GalpK v {K v q Ñ Z{p r Z and H 1 pO v , Z{p r Zq is the subgroup of unramified h, every ramified Z{pZ-extension
there are many to choose from if char K v " p, and there is at least one if char K v ‰ p due to the µ p pK v q " µ p pK v q requirement.
Use [NSW08, 9.2.8] to find a Z{pZ-subextension K{K 1 {K that interpolates the chosen local extensions K 1 v 1 {K v and set V :" U´Σ to arrive at a c with # Ker c ě p m .
Since # Coker l is bounded by # SelpHq, unboundedness of # Ker c supplied by Claim 5. Corollary 5.5. Let φ : A Ñ B be an isogeny between abelian varieties over K and p a prime that divides the order of some K-étale subgroup G Ă Arφs (if p ‰ char K, then the K-étaleness of G is automatic). Then # Sel φ A K 1 is unbounded as K 1 ranges over the Z{pZ-extensions of K.
Proof. Let ψ : A Ñ C be an isogeny with kernel G. Since # KerpSel ψ A K 1 Ñ Sel φ A K 1 q is bounded by #pArφs{Gq, we may assume that ψ " φ. In this case, let φ _ be the dual isogeny and choose U and (5.1.1) as in Example 4.5 (using Proposition B.1) to argue that Theorem 5.2 applies.
In the case when φ is multiplication by p, Corollary 5.5 may be slightly improved:
Theorem 5.6. Let p be a prime and A be an abelian variety over K. If Arps is not connected, then # Sel p A K 1 is unbounded as K 1 ranges over the Z{pZ-extensions of K.
Proof. In the light of Corollary 5.5, to simplify the notation we may and do assume that p " char K.
The method of proof is analogous to that of Theorem 5.2, except that we will use the sequence (4.5.1) with φ " p A instead. Let V Ă U Ă S be nonempty opens such that A extends to an abelian scheme A Ñ U . As in the final paragraph of the proof of Theorem 5.2, due to
nd Claim 5.2.1, unboundedness of # Ker c as V and K 1 vary would again suffice.
Claim 5.6.1. There are infinitely many v P U for which ApF v qrps ‰ 0.
Proof. Since Arps is not connected, shrinking U realizes Arps as an extension of a nonzero finite étale Q by a finite flat H with connected fibers. Since H 1 pF v , Hq " 0 (e.g., by [Čes14b, 5.7 (b)]), finding infinitely many v P U with QpF v q ‰ 0 suffices. For this, apply the Čebotarev density theorem.
Claim 5.6.2. If v P U satisfies ApF v qrps ‰ 0, then for every ramified Z{pZ-extension
Proof. Let A _ Ñ U be the abelian scheme dual to A Ñ U . By Tate local duality, we need to show that the norm map N : A _ pK 1 v 1 q Ñ A _ pK v q is not surjective. Since K 1 v 1 {K v is ramified, N reduces to the multiplication by p map on A _ pF v q. It remains to note that the latter is not surjective: since A Fv and A _ Fv are isogenous, #ApF v q " #A _ pF v q, and hence #pA _ pF v q{pA _ pF v‰ 0.
The sought unboundedness of # Ker c follows from Claims 5.6.1 and 5.6.2 and [NSW08, 9.2.8].
5.7. Since 0 Ñ pSel p A K 1 q GalpK 1 {Kq Ñ H 1 pV 1 , Arpsq GalpK 1 {Kq l 1 Ý Ñ pIm l 1 q GalpK 1 {Kq is exact, the proof of Theorem 5.6 shows that even #pSel p A K 1 q GalpK 1 {Kq is unbounded.
5.8. The same proof would give the conclusion of Theorem 5.6 for all A ‰ 0 if one managed to prove the following statement: for a prime p and a nonzero abelian variety A over K, there are infinitely many v for which KerpH 1 pK v , Aq Ñ H 1 pK 1 v 1 , Aqq ‰ 0 for some Z{pZ-extension K 1 v 1 {K v . For this, the case when p " char K and Arps is connected is the one causing trouble. Theorem 5.9. If p is a prime and A is an elliptic curve over K, then # Sel p A K 1 is unbounded as K 1 ranges over the separable extensions of K of degree p.
Proof. As in the proof of Theorem 5.6, we assume that p " char K and use the same commutative diagram (with K 1 {K merely separable of degree p, but other notation unchanged).
Claim 5.9.1. As V and K 1 vary, # Ker b is bounded.
Proof. Replace K 1 {K by its Galois closure in the proof of Claim 5.2.1. [Lic68, Thm. 4 ] then modifies z and allows us to assume further that z has separable support, so that, due to the minimality of the degree, z is a K 1 v 1 -point of X for some separable extension K 1 v 1 {K v of degree p. The displayed kernel then contains the class of X. Claim 5.9.3. As V and K 1 vary, # Ker c is unbounded.
Proof. Fix an n P Z ą0 . Choose a set Σ of n places v P U together with a K 1 v 1 {K v as in Claim 5.9.2 for each v P Σ. Approximate the coefficients of monic polynomials of degree p defining the extensions K 1 v 1 {K v and use Krasner's lemma to find a separable extension K 1 {K of degree p interpolating the chosen local extensions. With this K 1 and V :" U´Σ, one has # Ker c ě p n .
Combine Claims 5.9.1 and 5.9.3 with snake lemma to conclude as in the proof of Theorem 5.2.
Appendix A. Continuity of cup products Our goal is Proposition A.3, which is crucial for this paper through its roles in Tate-Shatz local duality [Mil06, III.6 .10] and in the proof of Proposition 2.3. We have decided to include the proof of Proposition A.3 because that of its analogue [Mil06, III.6.5 (e)] is omitted in loc. cit.
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As always, the topology on cohomology is that defined in [Čes14b, 3.1-3.2]. However, we also use [Čes14b, 5.11 and 6.5 (with 3.4 (d))], which guarantee agreement with the "Čech topology". In Lemma A.2, we recall the needed Čech-theoretic notation; see [Čes14b, 5 .1] for further recollections.
